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Abstract

Given a maximal monotone operator T in a Banach space, a family
of enlargements E(T) of T' has been introduced by Svaiter. He also
defined a sum and a positive scalar multiplication of enlargements.
The first aim of this work is to further study the properties of these
operations. Burachik and Svaiter studied a family of convex functions
H(T') which is in a one to one correspondence with E(7"). The second
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aim of this work is to prove that this bijection is in fact an isomor-
phism, for suitable operations in H(7T'). Additionally, we prove that
both spaces are convex with respect to these operations.
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1 Introduction and motivation

Let A and B be arbitrary sets and F' : A = B a multifunction. By an
enlargement or extension of F' we mean a multifunction £ : Ry x A = B
such that

F(x) CE(b,z) Vb>0,z¢€ A

We will be concerned with the study of those examples of E such that F'
is a maximal monotone multifunction. Many results appeared recently in
connection with enlargements of maximal monotone operators (see e. g.,
8, 21, 16, 11]).

A well-known and most important example of extension of a maximal
monotone multifunction is the e-subdifferential. Given a lower semicontin-
uous proper convex function f on a Banach space X, f: X — RU {+oc},
the subdifferential of f at x, i.e., the set of subgradients of f at x, denoted
by 0f(x), is given by

Of(z) ={ue X*: fly) — f(x) = (u,y —z) >0 forall y € X}.

It is well known (see [19]) that 0f is maximal monotone. The e-subdifferential
enlargement (of 0f) was introduced in [3]. Tt is defined as

O-f(x) ={ue X*: fly) — flx) = (u,y —z) > —c forall y € X},

for any ¢ > 0, x € X. This enlargement of 0f has been extremely useful
both for theoretical and practical applications. For an arbitrary maximal
monotone operator T, the following enlargement can be defined [4, 5, 7, 6]:
given € > 0,z € X,

T(x)={ue X" | (v-—uy—z) > —c,Vye X,veT(y)}. (1)



The above enlargement of T has some useful applications, similar to those
of the e-subdifferential. The study of the above mentioned examples of en-
largements allowed to identify some basic properties, in such a way that the
e-subdifferential and T can be seen as members of a family of enlargements
of f and T, respectively. This fact was established in [21], where these char-
acterizing properties were identified and lead to the definition of E.(7T"), the
whole family of closed enlargements which satisfy these properties. In fact,
all enlargements belonging to this family share some crucial properties with
T¢ and the e-subdifferential (local boundedness, demiclosed graph, Lipschitz
continuity, Bregndsted & Rockafellar property)[21, §].

Once the family E.(7") has been found for a fixed T, the next step is to
see how the set of enlargements is modified when we “operate” the monotone
multifunction 7. This question is addressed in [21], where definitions of sum
and scalar multiplication for enlargements were given.

Recall that a positive multiple of a maximal monotone operator is always
a maximal monotone operator. Summing maximal monotone operators, in-
stead, requires extra assumptions for guaranteeing maximality. Indeed, it
has been proved in [18] that the sum of two maximal monotone operators is
maximal when the Banach space is reflexive and D(T1)° N D(Ty) # 0.

Given T maximal monotone and a > 0. For E an enlargement of T
define the scalar multiplication of E by a as:

a® E(b,z) :=aE(a"'b,2), (2)

where b > 0 and x € X. It has been proved in [21, Proposition 7.1] that
a® E € E.(aT). Moreover, we prove here (see Proposition 4.11) that every
enlargement of a7’ can be obtained in this way. The sum of enlargements,
instead, is not closed in general. This is in correspondence with the above-
mentioned fact that the sum of two maximal monotone operators is not max-
imal in general. Take enlargements F; € E (7)) and Fy € E.(T3), define[21,
Proposition 7.2]:

E\® Ey(bx) = |J Ei(bi,z)+ Ea(ba,x), (3)

b1,b52>0
bi+bo=b

where b > 0 and z € X. A motivation for the expression above comes from
the formula[10, Theorem 2.1]

W(fi+ f)@) = | O filx) + 0 fol), (4)

b1,b02>0
b1+bo=b
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where fi, f» : X — R are proper convex functions such that the following
condition holds:

(f1 + fo)"(v) = min{fy (v1) + f5(v2) | 1 + v2 = v}, (5)

for all v € X™.

We prove in this paper that the enlargement F; & F5 is closed when X is
reflexive and D(T7)° N D(Ty) # (). We also prove that, with respect to these
operations, the family E.(7T") is a convex set.

The second part of this work is devoted to study new connections between
maximal monotone operators and convex functions defined in X x X*. This
important question has been addressed by Fitzpatrick, who obtained in [9]
representations of monotone operators by subdifferentials of convex functions
defined in X x X*. In his work, he defined a family of convex functions
associated to T'. We denote this family by H(T"). Fitzpatrick’s family H(7T')
happens to be closely related with a scalar function introduced in [2] by

Brézis and Haraux. This function, associated to a monotone operator 1" is
defined as:

¢r(z,v) = sup (z—y,u—0v).
yeX,ueTy

It is proved in [9, Theorem 3.10] that @7+ (-, -) is a minimal element in H(7T").
A remarkable fact is that the study of enlargements of monotone operators
can lead independently to Fitzpatrick’s family J(7"). This is proved in [§].
More precisely, [8, Theorem 3.6] proves that the family E.(7") is in a one-to-
one correspondence with H(7"). This one-to-one correspondence becomes a
natural way for defining the operations in H(7") which correspond to (2) and
(3) in E.(T). This is the subject of Section 6. In the same way as in E.(T'),
we prove that the family H(7T') is convex with respect to these operations.
Again, the sum in H(T") deserves special attention, and we prove that, when
X is reflexive and D(T})°ND(Ty) # (), the result of the sum belongs to H(T).

The paper is organized as follows. In Section 2 we give the theoretical
preliminaries related to the family E(7"), while in Section 3 we list known
results of the family H(7"). The basic properties of the operations in E(-)
are established in Section 4, while the whole Section 5 is devoted to prove
closedness of the sum of enlargements. The operations in H(+) are introduced
and studied in Section 6. We finish this section with an application of this
theory to convex analysis. More precisely, we use this new theory for proving
that condition (5) is not only sufficient, but also necessary for the formula

(4) to hold.



2 Basic Definitions and Preliminary Results
on E(T)

From now on X is a real Banach space and X* its dual. Given x € X and
v € X*, v(z) will be denoted by (v, z). In products of Banach spaces (e.g.,
X x X*, R x X x X* ) we shall consider the canonical product topology.
Given a multifunction 7" : X = X*, recall that the graph of T', G(T) is

G(T) :={(z,v) |z € X and v € T(x)}.

Based on Minkowski’s definition of scalar multiples and sums of sets [14], the
corresponding operations are defined for multifunctions. Consider 17,75 :
X =X*"and define T} + T : X = X* as

(Ty + T3)(z) :=={v1 +v2 vy € Th(x) and vy € To(x)}. (6)
For any a € R, define a7 : X == X* as
aT(z) :={av :v € T(z)}. (7)

The operator T is called monotone if (u—wv,x—y) >0 for all u € T'(x)
and v € T(y), for all z,y € X. It is called mazimal monotone if it is
monotone and its graph is maximal with respect to this property, i.e., it is
not properly contained in the graph of any other monotone operator.

2.1 Enlargements of maximal monotone operators

We need some additional notation, to deal with enlargements. Given E :
Ry x X = X*

e The graph of E, G(E) is

G(E) ={(b,z,v) eRx X x X" |veE E(bz)}.

Define also

['(E) :={(z,v,0) e X x X* xR |v € E(b,z)}.



e The closure of E, E : R, x X = X* is defined as

Eb,z) = {ve X*|(bzv)eGE)},
2

= {veX*|(z,v,b) e ['(E)

where A stands for the closure of A C R x X x X* with respect _to the
strong topology in X and X*. We say that E is closed if £ = E. So,
E is closed if and only if T'(E) is closed.

e We say that E is an enlargement of T : X = X* if for any x € X,
b >0,
T(x) C E(b,x).

e We say that £ : R, x X == X* is non-decreasing if for each x € X,
the mapping R, > ¢ — E(g,x) is non-decreasing with respect to the
inclusion, i.e.,

0<e<ée = Ee,x) CEE x),Vr e X. (8)

e Wesay that £ : Ry x X = X*is additive if for all (z',v!, b)), (22,0, by) €
G(E), it holds that

(o' — v 2t — 2®) > —(by + by).

We mention bellow two important examples.

Let f be a proper convex function on X and consider the e-subdifferential
enlargement of 0f. As we work with enlargements as multifunctions on R x
X, we must have a different notation for the multifunction (g, z) — 0. f(x).
It will be denoted by 5f So,

Of 1Ry x X = X*,

Of(e,x) = 0.f(x). (9)

We will refer to 5f, after its authors, as the Brondsted-Rockafellar enlarge-
ment of 0f. The enlargement Of is closed, nondecreasing and additive.

Given T : X =% X* monotone, the multifunction (g, x) — T%(z), defined
in R, x X according to (1), will be denoted by B”.



Definition 2.1 Let T : X = X* be monotone. Then BT is defined as

BT:R, x X = X*
BT (b,x) ={ve X*| (v—u,z—y) > -bVueT(y),yec X}

Trivially, B” is nondecreasing. Monotonicity of T implies in that BT is an
enlargement (of T'). It is also a closed enlargement of 7T'.

The following “transportation formula” is satisfied by f [13] and by B7,
when 7' is maximal monotone [6, 7].

Definition 2.2 We say that E : Ry x X = X* satisfies the transportation
formula if for every pair

(zh,v',e1), (22,02, 65) € T(E), (10)

(or equivalently, v* € E(e;,x"),i = 1,2) and every ay,as > 0, a1 + ag = 1,
it holds that the triplet (z,v, <) defined as

T =gzt + ar?®,  v:i= vt + agv?, (11)

£ 1= ey + gy + (vt — 0?2t — 2?) (12)
satisfies (z,v,e) € I'(E). In other words, ¢ > 0 and v € E(e, z).

Now we recall the definition of a family of enlargements, introduced in
[21], which will be central in our analysis.

Definition 2.3 Let T : X =% X* be a monotone multifunction. Define E(T)
as the family of multifunctions E : Ry x X == X* satisfying the following
properties:

(r1) E is an enlargement of T, i.e.:

E(e,z) DT (z), Ve>0,z€ X.

(r2) E is non-decreasing, in the sense of Definition 8.
(r3) FE satisfies the transportation formula of Definition 2.2.

The subfamily of those E € E(T) which are closed will be denoted by E.(T),
and the subfamily of those E € E(T') which are additive will be denoted by
E.(T).



By the remarks above,
Of € Ec(0f) NEq(0f). (13)
The proposition below, proved in [21, Lemma 4.1], will be useful.

Proposition 2.4 Let T be mazimal monotone. For every E € E(T), it holds
that
E(07 I‘) = ﬂb>0E(b, ZL’) = T(I)

From now on, 7" : X == X* is an arbitrary maximal monotone multi-
function. In [7, 21] it was proved that BT € E.(T). In particular, E(T) is
nonempty. The multifunction ST : R, x X = X*,

ST(e,x) = ﬂ E(e, x). (14)

E€E(T)

is well defined. In [21] it was proved that ST € E(T) and that BT, ST are
respectively the biggest and the smallest elements of E(T"), with respect to
the (partial) order of the inclusion between the graphs, i.e.,

E cE(T) = I(S") CcI(E) CcI(BY). (15)

Observe that x,v,e as in (11), (12) depend continuously on the points
(z°,v%,b;), i = 1,2. Hence, if E satisfies the transportation formula, then E
likewise. Note also that if E is nondecreasing/an enlargement of 7', then F
is nondecreasing/an enlargement of 7. Therefore, if E € E(T), E € E.(T).
The family E.(7T") will play a central role in the next section.

3 The family of convex functions H(T)

Any enlargement F can be studied via its graph, or equivalently, via the set
I['(F) € X x X* x R;. A usual way to associate a scalar function with to
set A C X x X* x R is to consider the lower envelope of A [1], defined as
a: X x X* =R,

a(z,v) :=inf{be R | (z,v,b) € A}.



The graph of « is the “lower boundary” of A (see [17, Sec. 5]). Trivially,
A C Epi(«). Additionally, A = Epi(«) if A is closed and has an “epigraphical
structure”:

(z,v,b) € A= (z,v,V)) € A, V' >b. (16)

In this way, we associate an enlargement £ with the lower envelope of
['(E). Namely, define \g : X x X* — R as

Ag(z,v) :==inf{e >0 |v € E(s,2)}. (17)

Observe that
Ag(z,v) =inf{b | (x,v,b) € T(E)}.

As pointed out above, I'(E) C Epi(Ag). The conditions of T'(E) being closed
and having an epigraphical structure are respectively equivalent to E being
closed and nondecreasing. Enlargements satisfying these conditions are fully
characterized by their lower envelope.

Proposition 3.1 If E: R, x X = X* is closed and nondecreasing then
1. T(E) = Epi(\g),
2. \g 1is (strongly) lLs.c.,
3. Ag >0,
4. E(byx) ={ve X*| Ag(z,v) <b}, VbeR,,zeX.

Furthermore, A is the unique function from X x X* to R satisfying items
3, 4.

Proof. (see [8, Proposition 3.1]). 0
However, the function Ag is not necessarily convex. To associate a convex

function to the enlargement F, we shall add to Ag the duality product. More
precisely, given F : R, x X = X* define Ag: X x X* — R by

Ap(z,v) = Ap(z,v) + (v, ). (18)

In order to study the epigraph of the function above, let ¢ : X x X* x
R, — X x X* x R,, be defined as

(z,v,€) = (z,v,e + (z,0)). (19)

The following result has been proved in [8, Corollary 3.2]. It establishes
an important connection between enlargements and convexity.
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Theorem 3.2 Let E be a closed, non-decreasing enlargement of T'. Then
E € E(T) if and only if Ag is convex. Moreover, ¥(I'(E)) = Epi(Ag).

The above result, combined with Proposition 3.1, yields the following
proposition.

Proposition 3.3 Take E € E.(T). Then Ag is convex, l.s.c. and

Ag(z,v) > (v,x),Vr € X,v € X*,
veT(r) = Ap(z,v) = (v,z).

Furthermore, the application E +— Ag is one-to-one in E.(T').

Proposition 3.3 is essential for defining a family of convex functions asso-
ciated to 7.

Definition 3.4 Define H(T) as the family of L.s.c. convex functions
h:X x X*— R such that

h(z,v) > (v,z),Vo € X,v € X7, (21)
veT(x) = hix,v) = (v,z). (22)

We have seen that, associated to any enlargement E € E(T), there is
an element Ag in H(T'). Conversely, if we have an element h € H(T'), the
enlargement L" : R, x X = X*, defined by

L"e,z) = {ve X*| h(z,v) <e+ (v,2)}, (23)

is a closed enlargement of T'. More precisely, the following fact has been
established in [8, Theorem 3.6].

Theorem 3.5 The map
E(T) — H(T)

18 a biyjection, with inverse given by
H(T) — EJ(T
o @)

10



As a consequence of the theorem above, we see that each element of H(T")
fully characterizes the operator 7'

Corollary 3.6 Take h € H(T). Then for any (xz,v) € X x X*
veT(r) < h(z,v) = (v,z).

Based in (15), the following result has been established in [8, Corollary
4.1].

Corollary 3.7 The functions Agr, Agr belong to H(T') and are respectively
the minimum and maximum of this family, i.e.,

Apr < h < Agr, Yh € 3(T).

_ It fis a proper Ls.c. convex function, we have mentioned above that
df € E.(0f). It has been proved in [8, Eq(42)] that the corresponding convex
function in H(Jf) is given by

Ags(z,0) = f(x) + f*(v), for all (z,v) € X x X7, (26)

where f* : 2* — R is the convex conjugate of f.

4 Operations with Enlargements

Given a > 0 and 7" monotone, a7" is monotone. Monotonicity is preserved
by the positive scalar multiplication. Monotone operators can also be added.
If T1,T5 are monotone, then T; + T5 is monotone. For enlargements, scalar
multiplication and addition were defined as follows [21].

Definition 4.1 Let F1, Ey : Ry x X = X*. Define By ®FEy : R, x X = X*
by
Ei @ Ey(b,x) := U Eqi(br,z) + Ex(bo, z). (27)

b1,b220
by +bo=b

Definition 4.2 Leta >0 and E: Ry x X = X*. Definea®OF: Ry xX =
X* by
a® E(b,x):=aBE(a"'h,z). (28)

11



Setting b = 0in (27) and (28), and considering F(0, -), F1(0, -) and F5(0, -)
as multifunctions defined on X, we retrieve operations (6)-(7). In this sense,
we can say that ©® and @ extend these usual operations between multifunc-
tions defined on X. More similarities with (6)-(7) are described in Lemma
4.3 below. Define 0: R, x X = X* by

0(b, z) = {0}.
Lemma 4.3 Tuake a,b positive, E, E1, Ey : Ry x X = X*. Then
(1) 10 E=F,
(2) (ab) ®FE=a® (bO E),
(3) a® (B @ Ey) =(a® E) & (a® Ey),
(4) E® (E1© Ez) = (E® E1) @ Es,
(5) ECO0FE,
(6) (a+b)OEC(aOE)® (bOE).

Inclusion (5) holds as an equation for E non-decreasing in the sense of Defi-

nition 8. The last inclusion holds as an equation when E satisfies the trans-
portation formula of Definition 2.2.

Proof. Properties (1)-(5) are direct consequences from the definitions.
We proceed to prove (6). Take v € (a +b) ® E(S,x). By definition of ®,
this means that there exists w € E(3/(a + b), x) such that v = (a + b)w. It
follows from the definitions that

aw € aE(B/(a+b),z) = (a® E)(af/(a+1D),x), and

bw € bE(B/(a+0b),x) = (b® E)(bG/(a+ ), x).

Use now Definition 4.1 to conclude that v = aw+bw € (aOE)® (bOE)(8, x).
For the converse inclusion, assume that F satisfies the transportation for-
mula. Take v € [(a® E)® (b® E)] (8,z). By (27), there exist 3, B2 > 0
and vi,v9 € X* such that 8 + 6o = 8 and v = av; + bvy, where v; €
E(Bi/a,x) and v € E(f2/b,x). On the other hand, by (11)-(12), and the
fact that E verifies r3:

c%i—bv = aL—i-bvl + aL—o—bUQ € E([ﬁ]ﬁl/a + I:G,L—‘,-b]ﬁ2/b7 {L‘)

= B((5h + B2)/(a + b),2) = B(B/(a+1),2),
and hence v € (a+b0) ® E(f, x). 0

12



Remark 4.4 The scalar product and the sum of definitions 4.2 and 4.1 are
compatible in the following sense. By Lemma 4.3(6), if E satisfies the trans-
portation formula, then

kOE=E®E®- - -&E,

k times

for all k € N.

Remark 4.5 It is clear from Definitions 4.2 and 4.1, that the scalar product
and the sum preserve inclusion in the following sense. Take b > 0, v € X,

e if E(bz) C E'(b,x), then a® E(b,z) Ca® E'(b,x);

o if £1(b,x) C E{(b,x), and Eqo(b,z) C E4(b,x), then
(Ey & Es)(b,z) C (B} @ Eb) (b, x).

Properties (r1)-(r3) of Definition 2.3, as well as additivity and closedness
have been important for studying elements E' € E(T'). When analyzing these
properties in the case of an arbitrary point-to-set mapping £ : R, x X = X*,
it is useful to establish whether each of them is preserved or not by the above
defined operations. The following trivial lemma will be useful for analyzing
this question. Before stating it, we need some definitions.

Definition 4.6  a) Fiz a > 0. Define the mapping
Yo : X X X*XRy — X X X* X Ry as y,(z,v,¢) = (z,av, ag).

b) Take two arbitrary triplets with the same X -coordinate
(x,v1,€1), (T,02,69) € X x X*XRy. We define a “partial sum” between
such triplets, denoted by +, as

(7, v1,81)F(2, 02, 82) := (2,01 + V2,61 + £2).
Two arbitrary sets A, B C X x X* X Ry can be partially summed:
A+B = {(z,v+7",e+€)| such that (x,v,e) € A and (x,v',¢') € B}.

Lemma 4.7 The mapping v, preserves closedness and convexity of sets, as
well as the property of having epigraphical structure. If A and B are conver,

13



then A+B is convez. If A or B have epigraphical structure, then A+B has
epigraphical structure. It holds that

V(A+B) = ¢(A)+y(B), (29)
where 1 is the mapping defined in (19). Also,
Ya(l'(E)) =T(a ® E), (30)
and
IN(E®E)=T(E)+T(E). (31)

Now we can state the Lemma involving properties (rl)-(r3). This is an
extension for arbitrary mappings of [21, Proposition 7.1, Lemma 7.2].

Lemma 4.8 Let EE' : R, x X = X* and S,5" : X = X* be arbitrary
point-to-set mappings.

(1) Fiz a > 0. If E is an enlargement of S then a ©® E is an enlargement
of aS. It holds that E is non-decreasing (closed, additive, satisfies the
transportation formula) if and only a ® E is non-decreasing (closed,
additive, satisfies the transportation formula).

(2) If E and E' are enlargements of S and S, respectively, then E & E' is
an enlargement of S+ S'. If E or £ is non-decreasing, then E @ E’
is non-decreasing. If E and E' are additive (satisfy the transportation
formula), then E® E' is additive (satisfies the transportation formula).

Proof.
(1) Define the multifunction 0 x S : Ry x X =% X* as 0 x S(e,z) = Sz
for all e > 0 and all z € X. It is clear that

FE is an enlargement of S «— T'(0 x S) CI'(E)
— 7,(0xS) C 1. (T'(R)).

The last equivalence can be rewritten as
E is an enlargement of S «— I'(0 x aS) CI'(a ® E).

But the right hand side means that a ® E is an enlargement of aS. We
proceed to prove the equivalence regarding condition r2. It holds that

E is non-decreasing «— I'(F) satisfies (16)
— .(I'(F)) satistfies (16),

14



where we are using the fact that v, preserves epigraphical structure. Combin-
ing the last equivalence with (30), we obtain the desired conclusion. The part
of (1) regarding closedness follows from the identity 7,(I'(F)) = I'(a® E) and
the fact that v, preserves closedness. Now we prove the statement regarding
additivity of a ® E. Assume that F is additive and take v' € (a ® E)(by, x!)
and v? € (a ® E)(by, z?). Use now the definition of a ® E and additivity of
E to conclude that

(v')a —v*/a,xt — 2?) > —(b/a + by/a),

which readily implies additivity of a ® E. The converse is identical. Let
us prove now the equivalence regarding condition r3. By Theorem 3.2, F
satisfies the transportation formula if and only if ¢(I'(E)) is convex. The
latter fact is equivalent to the convexity of the set v, ((I'(E))) = (T (a®F)).
Using the right hand side of this identity and Theorem 3.2 again, we obtain
the desired equivalence.

(2) The first assertion follows directly from (27). To prove that £ @ E’ is
non-decreasing, it is enough to prove that I'(E @ E’) has epigraphical struc-
ture. Assume E is non-decreasing. Hence I'(E) has epigraphical structure.
By Lemma 4.7, we conclude that I'(E)+I(E’) also has this property. Now
(31) implies that I'(E@® E’) has epigraphical structure. The statement regard-
ing additivity is a simple consequence of the definitions. Let us prove now
the statement regarding the transportation formula. By Theorem 3.2, we
have that ¢(I'(E)) and ¢(I'(E")) are convex. Using now (29) for A :=I'(E)
and B := I'(E’), the fact the operation + preserves convexity and (31), we
conclude that E & E’ satisfies the transportation formula. O

In the case in which the multifunction £ : Ry x X = X* is an element
of E(T), for a given 7" : X =2 X* monotone, we use Lemma 4.8 to get the
following result.

Corollary 4.9 Take T,T' : X = X* monotone multifunctions It holds that

(a) E € E(T) (E € E(T), E € E.(T)) if and only if a © E € E(aT)
(a®E € E,(aT), a® E € E.(aT)) for all a > 0.

(b) If E € E(T), and E' € E(T"), (E € E (T), and E" € E,(T")), then
E®@E cET+T) (E®E cE(T+T)).

15



Using Corollary 4.9, we conclude that if £y € E(T1), Ey € E(T5), T1,T5
monotone and a, b positive, then

(CL ® El) &P (b ® Eg) (- E(CLTl —+ bTQ),

and the same holds for the subfamily E,.
These inclusions have interesting consequences.

Remark 4.10 Let T be monotone. The family E(T) is “convex” with respect
to the operations ®, @ in the following sense:

(p© E) @ (¢ Ey) € E(T),

for any Ey, By € E(T), p,q >0, p+q = 1. The same holds for the subfamily
E.(T).

We have pointed out above that a ® E' is an enlargement of a T if £ is an
enlargement of T'. If E is one of the extremal elements of E(7), then a ® £
is the corresponding extremal element in E(a 7).

Proposition 4.11 Let T' be mazximal monotone and a > 0. With the same
notation as in (15), it holds that

(i) a ® BT = BT,

(ii) a ® ST = ST,

(iii) a ® ST = ST,
Proof. (i) Using (15) and the fact that a ® BT € E(aT), it is enough to
prove that I'(a ® BT) D T'(B*T). Take for this v € B*T(b,x). This means

that
(v—aw,x —y) > —b,

forall y € Y, w € T(y). Or , equivalently
(v/a—w,x _y> > _b/a'v

for all y € Y, w € T(y). But this implies that v/a € BT (b/a, z), which is the
same as v € a® BT (b, x). We prove now (ii). We claim first that any element
of E' € E(aT) can be written as a ® E, for some E € E(T'). In other words,
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that E(aT) = {a ® E'| such that £ € E(T)}. Indeed, given E' € E(aT),
define £ € E(T) by E(b,x) = 1/aF'(ab,x). It is clear that £ € E(T') and
E'=a® E. Hence by (14) and (30), we get

reser) = ﬂE’eIE(aT) I'(E) = mEeE(T) I'(a® E)
= ﬂEe]E(T) Y(I'(E)) = %(mEeE(T) I'(E))
= Y ([(ST)) =T(a® ST).

Part (iii) follows from (30) and the fact that the mapping v,(A) = 7,(A) for
every set A C X x X* x R,. 0

Remark 4.12 Assume T, and Ts are maximal monotone and such that T; +
Ty 1s also mazimal monotone. Then it is clear from the Definition 4.1 and

(15) that
STitT: - T ¢y ST - F, @ Fy ¢ Bt @ B™ ¢ BT*T2,
for all Ey € E(T1) and all Ey € E(T3).

From the proof of Lemma 4.8, we see that closedness of a ® E is a direct
consequence of the closedness of £. When it comes to conclude closedness
of E@® E' from closedness of £ and E’, we need some extra conditions. This
is the subject of the next Section.

5 Closedness of Addition

The sum of two maximal monotone operators 17 and T, does not preserve
maximal monotonicity in general. Rockafellar[18] proved that if X is reflexive
and D(T7)°ND(Ty) # 0, then Ty+T5 is maximal monotone. We will show that
under the same assumptions, addition of closed enlargements in E(77), E(73)
yields a closed enlargement in E(T} + T5).

Recall that £ € E.(T') if and only if I'(E) is closed. However, the fact of
being a closed enlargement of a monotone 7" allows us to establish a stronger
closedness property. Namely, I'(E') contains not only the limits of its strongly
convergent sequences, but also the limits of its sequences which converge
weakly both in X and X*. In particular, it will contain the limits of its
sequences, when they converge strongly on X and weakly on X*. A set
A C X x X* x R satisfying this property will be called strong-weakly closed
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((s-w)-closed, for short). In a similar way, if we consider weak* convergence
in X*, we define strong-weakly* closed sets.

The closedness property announced above is connected with condition r3,
and is proved below.

Lemma 5.1 Assume T : X = X* mazimal monotone and take E € E(T).
Then
E € E(T) if and only if T'(E) is (s-w)-closed.

Proof. 1f E € E.(T), then by definition I'(£) is closed. By Theorem
3.2, Y(I'(E)) = Epi(Ag). Since ¥ maps closed sets in closed sets and Ag
is convex, W(T'(E)) is a closed and convex set. By convexity, this epigraph
is closed w.r.t. the weak topologies both in X* and X. In particular, this
implies that Epi(Ag) is (s-w)-closed. Noting that ¥~ maps (s-w)-closed sets
in (s-w)-closed sets, we conclude that I'(F) is (s-w)-closed. Conversely, if
['(E) is (s-w)-closed, then it is closed, which means that £ € E.(T). 0

For every E € E(T'), the set G(T) has an important relationship with
I'(E). Indeed, if (z,v,e) € I'(E) then it holds that

sup (z —y,u—v) <e,
(y,u)€G(T)

where we are using (15) and Definition 2.1. We want to express formally this
relationship. Let A be a subset of X x X* x R. We say that A C X x X* is
a core of A when for every (z,v,e) € A it holds that

sup (x —y,u —v) <e.
(y,u)eA

We point out that any subset of G(T') is a core of I'(E), and when T is
maximal, G(7T) is the biggest possible core of I'(E).

In view of (31), in order to establish closedness of E @ E’, we need to find
conditions under which the partial sum of sets (see Definition 4.6(b)), pre-
serves closedness. This is the question addressed by the following lemma. De-
note by Px the projection onto the X-coordinate, and by Bx(+,r), Bx«(-, R)
the closed balls of radius r and R of X and X*, respectively.

Lemma 5.2 Let A, B C X x X* xR, be (s-w*)-closed sets, and let A, B C
X x X* be cores of A and B, respectively. Assume also that there is an
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element © € Px(A) N Px(B) for which there exist v, R > 0 such that the
following properties hold:

I) Bx(z,r) C Px(A) N Px(A),
IT) (Bx(z,7) x X*)N A C X x Bx-(0, R).

Then A+B is (s-w* )-closed.

Proof. Take a sequence {(z*,w* e)}x C A+B, converging to (z,w,¢),
with respect to the strong topology in X and with respect to the weak*
topology in X*. Our aim is to prove that (z,w,e) € A+B. By definition of
A+ B, there exist sequences {(2*,u¥, ax)}r C A and {(2*,v* b)}r. C B, such
that

k

uF +0F = wk, ap + b, = ey (32)

Take = € Px(A) N Px(B) satisfying the assumption of the Lemma. Then,
there exist vy, v, € X* such that (z,v,) € A and (x,v,) € B. Since A, B are
cores of A and B, respectively, we have that

(u* — vy, 2F — ) > —ay, and (33)
(V% — g, 28 — x) > by (34)

Take now r, R > 0 as in (I)-(II). Then for every £ € Bx(0,7), there exists
wy € Bx-(0, R) such that (z + &, wy) € A. Using again the fact that A is a
core of A, we get for every & € Bx(0,r),

<uk — Wy, Zk - ("L‘ + €)> Z — Ay, (35)
We claim that there exists Ky > 0 such that
<uk7 €> S K07

for all k£ and for all £ € Bx(0,7). This fact readily implies boundedness of
{u*}. Indeed, if the claim is true then

Ju¥| = 1/r  sup (u*,ry) < Ko/r,
yex, lyl=1

for all k. Hence {u*} is bounded. We point out that this is all we need
for proving that (z,w,e) € A+B. Indeed, using that {u* + v*} converges
weakly* to w, we would also get boundedness of {v*}. As a consequence,
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each of these sequences have weakly* convergent subsequences, with limits u
and w —u respectively. Since {ay }x, {bx }x are nonnegative and the sum {ay +
bi }r converges, they are bounded, and hence have convergent subsequences,
with limits @ and € — a respectively. Using that {z*} converges strongly to
z, and A, B are strong-weakly* closed, we conclude that (z,u,a) € A and
(z,w —u,e —a) € B, yielding (z,w,e) € A+B. So we proceed to prove the
claim. From (35) we get

(W &) < ap + (wo, x + & — 2F) — (uF, 2 — 2F).

We know that {2*}; and {ay }; are bounded, and by (IT) it holds that |Jwy|| <
R. Hence there exists M; > 0 such that

(ub &) < My — (uF, 2z — 2.

Therefore, the claim will hold if we show that |[(u*, z — z*)| < L, for some
L > 0. Equivalently, we will show that (u*, z—2z*) is bounded from above and
from below. Boundedness from above follows from (33), since this inequality
yields the existence of some L; > 0 such that

(Wb, x— 2F) <ap + (v, 2 — 2*) < Ly,

where we used again boundedness of {z*}, and {ax}x. To prove boundedness
from below, use (34) to get (in the same way as in the expression above)

(vk,:v — zk> < b + (v, & — zk> < Lo,

for some Ly > 0. The sequences {z*}, and {u* + v*}, are bounded, so we
get for some M > 0

—M < (WP ok -2 < M.
Hence
(Wh o — 2% = (W R -2 — (W — M) > M — L,

which implies the boundedness from below. The claim is true and the lemma
is proved. O

Note that the compacity property used in the proof above holds for any
X which is a locally convex topological linear space (see, e.g. [22, Theorem
1, Appendix to Chapter V]). So the Lemma is still true for such X, of course,
in this case the balls By (x,r) and Bx«(0, R) should be replaced by suitable
neighborhoods of x € X and 0 € X™*.

Now we are in conditions to state our first result on closedness of E; @ Ej.
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Theorem 5.3 Let 17,1, : X = X* be maximal monotone operators such
that D(T1)° N D(Ty) # 0. Take E, € E(Ty) and By € E(Ty). If T'(E) and
[(Ey) are (s-w*)-closed, then T'(Ey @ Es) is (s-w*)-closed.

Proof. By (31), T'(Ey @ Fy) = I'(E))+T(F,). Hence it is enough to prove
that the sets A := I'(E}) and B := I'(E,) are in conditions of Lemma 5.2.
Take A := G(T1) and B := G(T3) as cores of A and B respectively. We claim
that assumptions (I)-(IT) of the Lemma hold for x € D(T})° N D(T3). Indeed,
for such an x there exists 7 > 0 such that Bx(z,r0) C D(Ty) = Px(A) C
Px(I'(E1)) = Px(A), which implies condition (I). For checking (II), note
that T} is locally bounded at such x, and then there exist 1, R > 0 such
that 71 (Bx(x,71)) C Bx+(0,R). This implies that (Bx(z,r1) x X*) N A =
(Bx(z,m) x X*)NG(T1) C X x Bx«(0,R). Take r := min{rg,7 }. Then
the assumptions of Lemma 5.2 hold for these x,r, R and hence I'(E; & E»)
is (s-w*)-closed. O

Corollary 5.4 Assume that X is reflexive and let T1, Ty : X = X* be max-
imal monotone operators such that D(T1)° N D(Ty) # 0. If Ey € E.(T1) and
E, € E(T3), then I'(Ey & Es) is (s-w)-closed. In particular, (Ey & Es) €
E(T) +Tb).

Proof. Since X is reflexive, s-w closedness and s-w* closedness are equiv-
alent. By Lemma 5.1, we have that I'(E;) and I'(E») are s-w closed. Then
we are in the conditions of Theorem 5.3, which implies that I'(E; @ E) is
(s-w)-closed. This readily gives the strong closedness of I'(E; & Es), and
hence (Fy @ Es) € E(T) + T3). 0

We establish below convexity of E (7).

Corollary 5.5 Assume that X is reflexive and T : X = X* is a maximal
monotone operator such that D(T)° # 0. Then for every E, E' € E.(T) and
every a,b > 0, it holds

(a@E)® (beE') €E(a+b)T).
As a consequence, when a +b =1, we have (a ® E)® (b® E') € E(T).

Proof. Take T} := aT and Ty := bT in Corollary 5.4. O

21



6 Operations in H(T)

By Theorem 3.5, if T' is maximal monotone, then the family of enlargements
E.(T) and the family of lLs.c. convex functions H(T) are in a one-to-one
correspondence, given by E + Ag. The application A() maps enlargements
in scalar functions. A natural question is how to express Ao and Ag ¢,
from Ap,Ap, and Ag,. In order to do this, we need to define in H(7T) the
operations which mirror ® and .

Definition 6.1 Given ¢ : X x X* — R_the dual epi-multiplication of ¢ by
a > 0 is the function ax o : X X X* — R given by

axp(x,v) = ap(z,a v).

Given o1, p2 + X X X* — R, the dual epi-sum of @1, s is the function
P1FPe : X X X* — R given by

or#Fpa(z,v) = inf {pi(7,u) + a(x,w)} .
u,weX*

ut+w=v

Let Y be a normed linear space and ¢, 1, @, : Y — R.
The strict epigraph of ¢, denoted by Epi'(p), is defined as

Epi'(p) == {(y.0) | o(y) < a}.

Recall that the classical epi-sum of ¢ and o, defined as
e10p2(y) == inf {oi1(y1) + p2(y2)}
Y1+y2=y

is exact at y € Y provided the infimum above is attained.

It is clear from Definition 6.1 that the dual epi-sum has the same prop-
erties as the classical epi-sum. We need the following well-known result con-
nected with the epi-sum. See [20, 15, 12] for more material on the classical
epi-sum.

Lemma 6.2 (i) A function ¢ is convez if and only if its strict epigraph is
conver.
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(ii) Epi’ 1000 = Epi’ 1 + Epi’ o,

Lemma 6.3 Let Ty, T, : X = X* be mazimal monotone operators such that
D(Ty)ND(Ty) # 0. Assume that hy, hy : X x X* — R are convex and satisfy
(21)-(22) for Ty and Ty, respectively. Then hi#hs is convex and verifies (21)
and (22) for Ty + Ts.

Proof. Checking (21) for hyi#hs is straightforward from the definitions.
To check (22), assume that (z,v) € X x X* is such that v € (T} 4+T3)x. Then
there exist u,w € X* such that v = 4 + w, with @ € T(z) and w € Ty(x).
Thus,

(v,2) < inf . {hi(z,u) + ho(z, w)}

U+w=v

< hi(z,a) + he(x,w) = (4, z) + (w0, z) = (v, ),

where we used that fact that hy, he satisfy (21)-(22). Hence hy#hs verifies
(22) for T} + T5. Finally, we prove convexity of hi#hy. By Lemma 6.2(i),
convexity of hi#hy will follow from the convexity of the set Epi’ hi#th,. We
know that the sets Epi' hy and Epi’ hy are convex. Using now Lemma 6.2(ii),

we can write
Epi’ hi#hy = Epi’ hi+ Epi’ hy.

Since + preserves convexity, we conclude that hi#ths is convex. Observe that
the assumption on the intersection of the domains is also used here, for + to
be well-defined. O

The fact that hy € H(T}) and hy € H(T3), does not necessarily imply
that hi#hs is lower semicontinuous. This is in correspondence with the fact
that E; & Es; may not be closed, even when both enlargements are. The
Lemma below gives us a basic tool for establishing lower semicontinuity of

hy#ths.

Lemma 6.4 LetT, T1,T5 : X = X* be mazximal monotone such that T} +1T5
is also mazimal monotone. Take Ey € B(Ty) and Fy € E(Ty). If By @ Ey €
EC(TI + Tg), then

Ep1<AE1 #AE2) = Epl(AEl @EQ) = Epl(AEl )—T_ Ep1<AE2 ) )

and the set above 1s closed.
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Proof. Using (31), (29) and Theorem 3.2 we can write

Epi(Aper,) = Y(I(E @ Ep)) = (D(E))+T(EL))
= O(I(E))+¢(D(E2)) = Epi(Ag, )+ Epi(Ag,).

Since Fy @ FEs is closed, the set above is closed. It only remains to prove that
Epi(Ag, )+ Epi(Ag,) = Epi(Ag,#Ag,). The inclusion Epi(Ag, )+ Epi(Ag,) C
Epi(Ag, #Ag,) follows directly from the definitions. Let us prove the converse
inclusion. Take (z,v,¢) € Epi(Ap,#Ag,). Then Ap, #Ag,(xz,v) < e+ 1/n,
for all n € N. This implies that there exist u,,w, € X* with u, + w, = v,
such that

Ag, (x,uy) + A, (z,w,) < e+ 1/n,

for all n. Equivalently, there exist a,,, b, € R with a,,+b, = £+1/n, such that
Ag, (z,u,) < a, and Ag,(z,w,) < b,. This means that (z, u,,a,) € Epi(Ag,)
and (z,wy,,b,) € Epi(Ag,). Hence, (z,v,e + 1/n) = (x,u,, + wyp,a, +by,) €
Epi(Ag, )+ Epi(Ag,). Taking limits on n and using the fact that the set in the
right-hand side is closed, we conclude that (x,v,e) € Epi(Ag,)+ Epi(Ag,).
0

We will see bellow that hi#h, is l.s.c. when L™ @ L' € E(Ty + Ty),
where the enlargement L" is given by (23).

Theorem 6.5 Let T, T, T, : X = X* be mazximal monotone such that
T, + 15 is also mazimal monotone.

(a) For all h € H(T') and all a > 0, the function axh € H(aT).

(b) Take hy € H(Ty) and hy € H(Ty). If LM @ LM € E (T + Ty), then
hi#he € H(T) + Ty). In particular, hi#hy € H(T) + Ty) when X is
reflexive and D(Ty)° N D(Ty) # 0.

Proof. Assertion (a) follows easily from the definitions. Let us prove
assertion (b). By Lemma 6.3, we only have to prove that hy#hs is L.s.c. Our
assumption allows us to apply Lemma 6.4, for F, := L™ and E, := L". On
the other hand, combining Theorem 3.5 with Theorem 3.2 we get

Y(T(L")) = Epi(h;), for i =1,2. (36)
Hence, Lemma 6.4 implies that
Epi(hi1#hs) = Epi(Apm g1 ) = Epi(hn)+ Epi(hs),
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which is a closed set. This fact readily implies that hi#hs is lower semicon-
tinuous. 0O

By Theorem 3.5, there is a bijection between the spaces E.(T") and H(T).
This bijection is in fact an isomorphism with respect to the above-defined
operations. This is proved in the Theorem below.

Theorem 6.6 Take E,Ey, Fy : Ry x X =2 X* h, hy,hy: X X X* — R and
a > 0. Assume that E € E.(T), By € E.(T1), Ey € E.(T,). It holds that

(Z) Aa@E = CL*AE.
(i1) If By & Es is closed, then Ap,op, = Ag, #A\E,.

Proof. Consider v, and v as given in Lemma 4.7. It follows directly from
the definitions that v,(Epi(p)) = Epi(a x ¢) and ¢(7.(K)) = 7.(¢(K)) for
all p: X x X* - R and all K C X x X* x R. Hence we can write

Epi(Aor) = ¢([I(a© E)) = ¢ (1.(T(E))
= YW ((E)) = 7.(Epi(Ag)) = Epi(ax Ag),

where we used Theorem 3.2 in the first and next-to-last equality and (30) in

the second one. Item (ii) is a direct consequence of Lemma 6.4. 0
Using Theorem 6.5, we conclude that if hy € H(T}), hy € H(Ty), T1, T
maximal monotone and L™ @& L"2 € E (T} + T3), then

(a* hy)#(bx hy) € H(aT) + bT3),

for all a,b > 0.
This yields the announced convexity of H (7).

Corollary 6.7 Assume that X is reflexive and T : X = X* is a maximal
monotone operator such that D(T)® # (. Then for every h, h' € H(T) and
every a,b > 0, it holds

(axh)#(b*h') € H((a+b)T),
As a consequence, when a + b =1, we have (axh)#(bx h') € H(T),

Proof. Take hy :=axh, ho :=bxh', T} := aT and T := bT in Theorem
6.5(b). To apply this Theorem, we only have to check that L' & L2 is
closed. But this holds by Corollary 5.4 and the assumption on D(T'). O

Using Proposition 4.11 and Theorem 6.6, we can also retrieve the corre-
sponding results for the extremal elements in H(aT').
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Proposition 6.8 Let T' be mazximal monotone and a > 0. With the same
notation as in (15), it holds that

(Z) a*ABT:ABaT,
(ZZ) G*AsT :ASaT.

We finish with an application of this theory to the Brgndsted and Rock-
afellar enlargement of df, where f is the sum of two convex and lower semi-
continuous functions.

Let fi, fo : X — R be proper, Ls.c. and convex, and such that dom f; N
dom fy # (. Tt is a classical result (see, e.g., [10, Theorem 2.1]) that whenever

(fi+ f2)"(w) = min  {fi(u) + f5(w)} forallve X7, (37)
u,weX*

u+w=v
then it holds that

Ofi+ L) bx)= | 0f(br,2)+0fa(bs, ), (38)

by,bg 20
by +bo=b
for all z € dom f; Ndom f, (we are using the notation of (9)).
We will prove that these conditions are equivalent.

Theorem 6.9 Let fi, f» : X — R be proper, Ls.c. and convez, and such
that dom f; Ndom fy # (. Then (38) is equivalent to (37).

Proof. As stated before, under the above assumptions, (37) implies (38).

Now, assume that (38) holds. Since fi, fo are proper, l.s.c. and convex,
fi+ f» is convex, proper and Ls.c. Therefore, d( f; + f,) is maximal monotone.
Moreover, taking b = 0 in (38), we get O(f1 + f2) = 0f1 + df2. Using (27),
(38) can be rewritten as

Ofr+ f2) = 0f1 @ 0fs. (39)

Since 9(f1 + f2) is maximal, we conclude by (13) that the enlargement A(f1+
f2) is closed. Hence, df; @ 0f; is closed. Using now Theorem 6.6(ii) we get

A5f1®5f2 = Aéh#AéfQ :
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Combining this equality with (39), we get
Notpirry = Dop# 0o, (40)
By (26) and the definition of #,

Nyipam(@v) = (fit+ f)(@)+ (i + f2) (v), (41)
Agp #0sp (z,0) = (fu+ f2)(2) + [1Of3 (v). (42)
Taking = € dom f; N dom fy and using (40)-(42), we get

(it o) = [0S (43)

To end the proof, we must show that this inf-convolution is exact.

Since (f1 + f2)* = fi{fs is proper, fi{fy > —oo. For those v € X*
such that f; fo(v) = 400, the inf-convolution is trivially exact. Now take
v € X* such that

fi0f;(v) €R. (44)
Let xy € dom f; Ndom fy. Then, by (42) and (44),

tg = Aéﬁ#Aéfz (l’o, U) e R.

To show that the inf-convolution f;<$ fy is exact at this v, we have to find
vy, v2 € X* such that vy + vo = v and f{Ofs(v) = fi(v1) + fo(ve). For
simplicity, call hy := Aéﬁ and he = Aéfg' Since L™ @ L" = éfl & 5f2 is
closed, we can apply Lemma 6.4 with £, := L™ and E, := L to conclude
that
Epi(h1)+ Epi(hy) = Epi(hi#hs),

with the set above being closed. Since (zg,v,ty) € Epi(h1#hs), the above
equality implies that there exist vy, vy € X*, aq,ay € Rsuch that (xg,v1,a1) €
Epi hq, (zg,v2,az) € Epihy with v; + vy = v and a1 + as = tg. Then

to = a1 + ag > hi(xg, v1) + hao(zo, v2) > to,

where we used the fact that (xg,v;,a;) € Epih;, for i = 1,2. Using the above
expression and (26), we can write

to = (Ngp, #05p,) (@0, V) = Ny(p, 4 1) (%0, )
= (fi+ fo)(mo) + (f1 + f2)"(v) = hi(zo,v1) + ha(w0, v2)
= fi(zo) + fi(v1) + fa(x0) + f5(v2),

which readily implies (f1 + f2)*(v) = f{(v1) + f5(v2). Combining this fact
with (43), we get the exactness at v. 0
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